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Abstract
We construct axially symmetric dyons in SU(2) Yang-Mills-Higgs theory. In
the Prasad-Sommerfield limit, they are obtained via scaling relations from axi-
ally symmetric multimonopole solutions. For finite Higgs self-coupling they are
constructed numerically.
1 Introduction
SU(2) Yang-Mills-Higgs (YMH) theory possesses magnetic monopole [1, 2, 3], multi-
monopole [4, 5, 6] and monopole-antimonopole solutions [7, 8, 9]. The magnetic charge
m of these solutions is proportional to their topological charge n. In the Prasad-
Sommerfield limit of vanishing Higgs self-coupling, the monopole solution and axi-
ally symmetric multimonopole solutions are known analytically [2, 5], whereas mul-
timonopole solutions without rotational symmetry [10] and monopole-antimonopole
solutions [8, 9] are only known numerically.
SU(2) Yang-Mills-Higgs (YMH) theory also possesses solutions carrying both mag-
netic and electric charge [11, 2]. In the Prasad-Sommerfield limit, such dyon solutions
with unit topological charge exist for arbitrarily large values of the electric charge [2],
whereas for finite Higgs self-coupling an upper bound for the electric charge of these
dyon solutions arises [12].
Here we construct axially symmetric dyon solutions carrying topological charge
n > 1. In section 2 we present the YMH Lagrangian, the equations of motion and
the electromagnetic charges. In section 3 we consider the Prasad-Sommerfield limit,
and show how dyon solutions are obtained from multimonopole solutions. We present
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the axially symmetric ansatz and the boundary conditions employed in the numerical
construction of the dyonic multimonopole solutions in section 4, and discuss these
solutions in section 5, in particular for finite Higgs self-coupling.
2 SU(2) YMH Theory
We consider the SU(2) YMH Lagrangian
L = −1
4
F aµνF
µν,a − 1
2
DµΦ
aDµΦa − λ
4
(ΦaΦa − η2)2 , (1)
with
F aµν = ∂µA
a
ν − ∂νAaµ + gεabcAbµAcν , (2)
DµΦ
a = ∂µΦ
a + gεabcAbµΦ
c , (3)
gauge coupling constant g, Higgs self-coupling constant λ, Higgs vacuum expectation
value η, and equations of motion
DµF
µν,a = −gεabc(DνΦb)Φc ,
DµD
µΦa = −λ
(
ΦbΦb − η2
)
Φa . (4)
We are looking for static finite energy solutions of eqs. (4), carrying both magnetic
and electric charge. The magnetic field Bi and the electric field Ei are defined via the
electromagnetic ‘t Hooft field strength tensor [1]
Fµν = ΦˆaF aµν −
1
g
εabcΦˆ
aDµΦˆ
bDνΦˆ
c , (5)
where in particular
Ei = Fi0 = ∂i(ΦˆaAa0) . (6)
For the dyon solutions they yield the magnetic charge m [13],
m =
1
4π
∫
∂iBid
3r =
n
g
, (7)
where n is the topological charge of the solutions, and the electric charge q
q =
∫
∂iEid
3r =
∫
S2
∞
∂i(Φˆ
aAa
0
)dSi (8)
where S2
∞
denotes the 2-dimensional sphere at infinity.
The energy density of the dyon solutions is given by the tt-component of the energy
momentum tensor. Integration over all space yields their energy
E =
∫ {1
4
F aijF
a
ij +
1
2
F ai0F
a
i0 +
1
2
DiΦ
aDiΦ
a +
1
2
D0Φ
aD0Φ
a +
λ
4
(ΦaΦa − η2)2
}
d3r . (9)
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3 Prasad-Sommerfield limit λ = 0
Let us first consider the Prasad-Sommerfield limit λ = 0. In this limit axially symmetric
multimonopole solutions are known analytically [5] and numerically [6].
We now show, that in the static limit dyon solutions are obtained directly from
monopole solutions. Assuming that the time component of the gauge field is parallel
to the Higgs field in isospace [14],
Aa
0
= αΦa , (10)
where α is a constant, leads to D0Φ
a = 0 and F ai0 = α(∂iΦ
a + gεabcA
b
iΦ
c) = αDiΦ
a.
Consequently, the field equations (4) reduce to
DiF
ij,a = −gεabc(1− α2)DjΦbΦc ,
DiD
iΦa = 0 , (11)
and the field equation for the time component of the gauge field coincides with the field
equation for the Higgs field. Substituting Φ˜a =
√
1− α2Φa into eqs. (11) leads to the
monopole equations.
Thus, to any static solution (Aai , Φ˜
a) of the monopole equations in the Prasad-
Sommerfield limit with ||Φ˜a|| r→∞−→ η˜ there corresponds a family of dyon solutions(
Aai , A
a
0
= QΦ˜a , Φa =
√
1 +Q2Φ˜a
)
, (12)
with ||Φa|| r→∞−→ η˜
√
1 +Q2, where we have introduced
Q = α/
√
1− α2 . (13)
Let us now turn to the energy of the dyon solutions. If (Aai , Φ˜
a) is a solution of the
monopole equations, it extremizes the energy functional
EMP =
∫ {
1
4
F aijF
a
ij +
1
2
DiΦ˜
aDiΦ˜
a
}
d3r , (14)
Since the scaling argument yields∫ {1
2
DiΦ˜
aDiΦ˜
a
}
d3r =
∫ {1
4
F aijF
a
ij
}
d3r =
1
2
EMP , (15)
we obtain for the energy of the dyon solutions (eq. (12) )
E(Q) =
∫ {
1
4
F aijF
a
ij +
1
2
Q2DiΦ˜
aDiΦ˜
a +
1
2
(1 +Q2)DiΦ˜
aDiΦ˜
a
}
d3r
=
∫ {
1
4
F aijF
a
ij + (1 + 2Q
2)
1
2
DiΦ˜
aDiΦ˜
a
}
d3r
= 2(1 +Q2)
∫ {
1
4
F aijF
a
ij
}
d3r
= (1 +Q2)EMP . (16)
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Note, that the above construction of electrically charged solutions is fairly general.
Applying it e.g. to monopole-antimonopole solutions [9], the resulting solutions possess
magnetic charges of opposite sign, but electric charges of equal sign. The reason is,
that the magnetic charges are related to topological defects at the locations of the
zeros of the Higgs field modulus, whereas the electric charge is related to the power law
behaviour of the asymptotic Higgs field.
BPS monopole solutions satisfy the (anti-)selfdual equations
F aij = ±εijkDkΦ˜a . (17)
Their energy saturates the lower bound EMP = (4π|n|/g)η˜, where n denotes the topo-
logical charge. According to eq. (16), we then find for the energy of the dyon solutions
E(Q) = (4π|n|/g)η˜(1 + Q2). Choosing η˜ = η/√1 +Q2, such that the Higgs field
approaches asymptotically the value η, we obtain
E(Q) =
4π|n|
g
η
√
1 +Q2 . (18)
Moreover, the energy density ǫ(Q) of the dyon solutions is proportional to the energy
density ǫMP of the BPS solutions,
ǫ(Q) = (1 +Q2)ǫMP . (19)
Let us finally express the energy of the dyon solutions in terms of their magnetic
and electric charges. With the electric field (6)
Ei = Φˆ
aF ai0 = Q
ˆ˜Φ
a
∂iΦ˜
a = Q∂i||Φ˜a|| (20)
and the asymptotic form of the modulus of the Higgs field of BPS multimonopoles [5]
||Φ˜a|| = η˜
(
1− |n|
η˜gr
)
+O(r−2) (21)
the expression for the electric charge, eq. (8), yields
q = Q
∫
S2
∞
∂i||Φ˜a||dSi = 4π|n|
g
Q , (22)
Consequently, the energy of the dyon solutions is given by
E(m, q) = 4πη
√
m2 +
(
q
4π
)2
. (23)
In this form the BPS expression for the energy reflects the electromagnetic duality (see
e.g. [15]).
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4 Axially Symmetric YMH Ansatz
To construct dyon solutions numerically, we employ the static axially symmetric ansatz
used in the numerical construction of multimonopoles [4, 6], supplemented by a non-
vanishing time-component of the gauge field. In spherical coordinates with Aaµdx
µ =
Aat dt+ A
a
rdr + A
a
θdθ + A
a
ϕdϕ, the ansatz reads
Aat = η [H5(r, θ)u
a
r +H6(r, θ)u
a
θ ] , (24)
Aar =
1
r
H1(r, θ)u
a
ϕ , A
a
θ = (1−H2(r, θ))uaϕ , (25)
Aaϕ = −n sin θ [H3(r, θ)uar + (1−H4(r, θ))uaθ ] , (26)
Φa = η [φ1(r, θ)u
a
r + φ2(r, θ)u
a
θ ] , (27)
with unit vectors
~ur = (sin θ cosnϕ, sin θ sinnϕ, cos θ) , (28)
~uθ = (cos θ cosnϕ, cos θ sinnϕ,− sin θ) , (29)
~uϕ = (− sinnϕ, cos nϕ, 0) . (30)
The winding number n corresponds to the topological charge of the solutions [4, 6]. For
n = 1 the ansatz reproduces the spherically symmetric dyons [11, 12].
Regularity, finite energy and symmetry requirements lead to the boundary condi-
tions [4, 6]. At the origin and at infinity they read
Hi(0, θ) = 0 , i = 1, 3, 5, 6 , Hi(0, θ) = 1 , i = 2, 4 , (31)
φi(0, θ) = 0 , i = 1, 2 , (32)
Hi(∞, θ) = 0 , i = 1, 2, 3, 4, 6 , H5(∞, θ) = α , (33)
φ1(∞, θ) = 1 , φ2(∞, θ) = 0 , (34)
and on the z- and ρ- axis (with z = r cos θ and ρ = r sin θ) they are
Hi(r, 0) = 0 , i = 1, 3, 6 , ∂θHi(r, 0) = 0 , i = 2, 4, 5 , (35)
∂θφ1(r, 0) = 0 , φ2(r, 0) = 0 , (36)
Hi(r, π/2) = 0 , i = 1, 3, 6 , ∂θHi(r, π/2) = 0 , i = 2, 4, 5 , (37)
∂θφ1(r, π/2) = 0 , φ2(r, π/2) = 0 . (38)
The constant α in eq. (33) is restricted to α ≤ 1. For α > 1 some gauge field functions
become oscillating instead of asymptotically decaying, completely analogous to the
n = 1 case [12].
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5 Dyon Solutions
We now present the axially symmetric dyon solutions, obtained numerically for vanish-
ing and finite Higgs self-coupling.
5.1 Vanishing Higgs self-coupling
In the Prasad-Sommerfield limit the time component of the gauge field and the Higgs
field are proportional, eq. (10), in particular, H5/φ1 = α and H6/φ2 = α. The pro-
portionality constant α, eq. (13), then determines the electric charge, eq. (22), and the
energy, eq. (18) resp. eq. (23).
The numerically obtained axially symmetric solutions with topological charge n = 1,
2 and 3 satisfy these relations very well. Both the energy per topological charge En/n
and the electric charge per topological charge qn/n are independent of the topological
charge n and depend only on the constant α. Since the electric charge diverges for
α→ 1, the dyon solutions exist for arbitrarily large values of the electric charge.
5.2 Finite Higgs self-coupling
For finite Higgs self-coupling, the simple scaling relations no longer hold. Although for
small Higgs self-coupling the time component of the gauge field and the Higgs field are
still almost proportional.
The magnetic charge is given in terms of the topological charge also for finite Higgs
self-coupling. However, the electric charge is no more obtained from the asymptotic
behaviour of the Higgs field Φa = ||Φb||Φˆa
∞
alone, which now decays exponentially
||Φa|| = η(1− e−rβ) , β = const . (39)
Instead the asymptotic behaviour of the time component of the gauge field now pri-
marily determines the electric charge, eq. (8),
q = lim
r→∞
4πΦˆa
∞
r2∂rA
a
t = limr→∞ 4πηr
2∂rH5 . (40)
In Fig. 1 we show the energy per topological charge En/n in units of 4πη/g for Higgs
self-coupling λ = 0.5 and for topological number n = 1, 2 and 3 as a function of the
electric charge per topological charge qn/n in units of 4π/g. For dyons, as for magnetic
monopoles [3], there exists only a repulsive phase for λ 6= 0, because the attractive
Higgs field becomes massive and thus exponentially decaying. Therefore - unlike the
BPS case - it can no longer cancel the long-range repulsive force of the gauge fields.
For finite λ the energy per topological charge En/n increases with increasing n.
The energy per topological charge En/n of the axialsymmetric solutions is higher than
En/n of the spherical symmetric solution. The axially symmetric n = 3 solutions have
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higher En/n than the corresponding n = 2 solutions. For n ≥ 3 in addition solutions
with only discrete symmetries exist [10]. We expect that for finite λ these solutions are
energetically more favorable than the axially symmetric solutions constructed here.
In contrast to the Prasad-Sommerfield limit, where dyon solutions exist for arbitrary
electric charge, there exists an (n-dependent) upper bound for the electric charge of
dyon solutions when the Higgs self-coupling is finite. This is illustrated in Fig. 2, where
we show the electric charge per topological charge qn/n as a function of the parameter
α for λ = 0.5 and n = 1, 2 and 3. For α → 1 the upper bound of the electric charge
is reached. The localized dyon solutions then cease to exist, because some gauge field
functions become oscillatory instead of asymptotically exponentially decaying. The
upper bounds in Fig. 2, where α = 1, represent therefore the endpoints of the curves
in Fig. 1.
The upper bound of the electric charge of the dyon solutions decreases with increas-
ing Higgs self-coupling λ. This is seen in Fig. 3 where we show the electric charge per
topological charge qn/n as a function of the parameter α for λ = 0, 0.5 and 1 for dyons
with n = 2. Note, that the curve for λ = 0 is independent of n.
The dyons with n > 1 possess toroidal shape, as is illustrated in Fig. 4. In this three-
dimensional plot the energy density of the dyon solution with topological charge n = 2
and electric charge per topological charge q2/2 = 0.6 is shown for Higgs self-coupling
λ = 0.5 as a function of the compactified coordinates ρ = x¯ sin θ and z = x¯ cos θ, where
x¯ = x/(1 + x) is the coordinate used in the numerical calculations. The effect of the
presence of the electric charge is seen in Fig. 5, where the energy density is shown as a
function of the compactified coordinate x¯ for several values of the angle θ, both for the
above dyon solution and for the corresponding multimonopole solution.
6 Conclusions
We have constructed axially symmetric solutions of SU(2) YMH theory carrying both
magnetic and electric charge. In the Prasad-Sommerfield limit solutions with elec-
tric charge are obtained from purely magnetically charged solutions by simple scaling
relations. The energy expression eq. (23) for these BPS solutions reflects the electro-
magnetic duality.
For finite Higgs self-coupling the energies don’t satisfy a duality relation analogous
to eq. (23). In particular there exist n- and λ-dependent upper bounds for the electric
charge of dyon solutions, where localized solutions cease to exist.
The toroidal shape of the energy density of the monopole solutions is retained for
the dyon solutions. With increasing electric charge the maximum of the energy density
decreases, instead the energy density reaches further out.
As for the multimonopoles, dyonic solutions can be constructed for the monopole-
antimonopole solutions. These solutions then possess magnetic charges of opposite sign,
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but electric charges of equal sign. In the Prasad-Sommerfield limit the dyonic monopole-
antimonopole solutions can be obtained by means of the same scaling relations as
the dyonic multimonopole solutions. The numerical construction of dyonic monopole-
antimonopole solutions is presently under consideration.
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Figure 1: The energy per topological charge En/n in units of 4πη/g is shown as a
function of the electric charge per topological charge qn/n in units of 4π/g for Higgs
self-coupling λ = 0.5 and for topological number n = 1, 2 and 3.
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Figure 2: The electric charge per topological charge qn/n in units of 4π/g is shown as
a function of the parameter α for λ = 0.5 and n = 1, 2 and 3.
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Figure 3: The electric charge per topological charge qn/n in units of 4π/g is shown as
a function of the parameter α for n = 2 for λ = 0, 0.5 and 1.
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Figure 4: The energy density ǫ in units of 4πη/g is shown for the dyon solution
with topological charge n = 2, electric charge per topological charge q2/2 = 0.6 and
Higgs self-coupling λ = 0.5 as a function of the dimensionless compactified coordinates
ρ = x¯ sin θ and z = x¯ cos θ, where x¯ = x/(1 + x).
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Figure 5: The energy density ǫ in units of 4πη/g is shown for the dyon solution of Fig. 4
and for the corresponding multimonopole solution as a function of the dimensionless
compactified coordinate x¯ for several values of the angle θ.
14
